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Abstract. We provide a theoretical framework to study the effect of dephasing on 
the quantum indistinguishability of single photons emitted from a coherently driven 
cavity QED A-system. We show that with a large excited-state detuning, the photon 
indistinguishability can be drastically improved provided that the fluctuation rate of 
the noise source affecting the excited state is fast compared with the photon emission 
rate. In some cases a spectral filter is required to realize this improvement, but the 
cost in efficiency can be made small. 
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1. Introduction 

Indistinguishable photons are required for many quantum computation schemes that 
utilize their peculiar interference properties [1, 2]. They reveal a true bosonic 
nature and for instance tend to coalesce or "bunch" when they cross at a beam- 
splitter [3]. Indistinguishable photons are naturally produced during the spontaneous 
decay of atoms and ions [4, 5]. Solid-state atom-like systems can also emit 
indistinguishable photons, with examples including quantum dots [6, 7, 8], molecules [9] 
and semiconductor impurities [10]; diamond nitrogen- vacancy (NV) centers also appear 
promising [11]. Solid-state systems are especially interesting for large-scale photonic 
networks incorporating many devices. The temporal length of the emitted photons can 
be short due to the large dipole moment and correspondingly short spontaneous emission 
lifetime (0.5 — 12 ns), and the lifetime can be further shortened using integrated small 
mode volume optical cavities. The main drawback of solid-state systems is that they can 
suffer from severe dephasing of the optical transitions caused by phonons [12], random 
charge fluctuations [13] or other mechanisms [14]. 

One way to reduce the detrimental effect of dephasing on photon indistinguishability 
in two-level systems is to push towards shorter-lived transitions. This approach 
reaches its limit when the photon lifetime becomes comparable to the time jitter that 
characterizes incoherently pumped transitions. This then necessitates true resonant 
excitation, which has recently been demonstrated [15] but limits experiments to 
cavity geometries that minimize pump laser scattering. Alternatively, one can move 
to three-level systems that can be coherently excited at a frequency different from 
that of the photon emission. Three-level A-type systems also potentially provide an 
interface between long-lived matter qubits and "flying" photonic qubits. Schemes 
based on Raman transitions in three-level systems were proposed more than a decade 
ago for deterministic communication in quantum networks [16], and for probabilistic 
entanglement generation [17] and teleportation [18]. Some more recent papers have 
investigated the theoretical aspects of single-photon generation in three-level systems 
in greater detail, including the problem of generation and trapping of photons with 
arbitrary waveforms [19, 20], and the problem of how best to generate indistinguishable 
photons from non-identical systems [21]. Experimentally, three-level schemes have now 
been used for single-photon generation in atoms [22], and in trapped ions [23] it was 
shown that photons with arbitrary waveforms could be generated. Such experiments 
have not yet been performed in solid-state systems, but following a recent demonstration 
of tunable, spontaneous Raman fluorescence from a single quantum dot [24] the outlook 
is promising. 

For solid-state implementations of the Raman scheme, a critical question is how the 
photon indistinguishability is affected by excited-state dephasing. Ref. [25] investigated 
this question but only for the special case of zero detuning, and furthermore the model, 
based on optical Bloch equations, did not allow for finite correlation timescales in 
the dephasing process. The results suggested that the three-level scheme is helpful 
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Figure 1. A A-system in a single-mode cavity coupled to a single-mode waveguide. 

for solving the time-jitter problem, but little or no improvement with respect to 
excited-state dephasing was indicated. One might expect that for a large detuning, 
single photons generated in a Raman process will be far less sensitive to excited-state 
energy fluctuations. In this paper, we analyze theoretically the dependence of photon 
indistinguishability on both the detuning and the correlation timescale of the dephasing 
process affecting the excited state. We find that for a large detuning, the effects 
of excited-state dephasing can be reduced by orders of magnitude beyond the usual 
reduction that occurs due to shortened photon lifetime in a two-level system, but only if 
the memory timescale of the noise process is short compared with the photon emission 
lifetime. 

2. Three-Level Equations of Motion in the Schrodinger Picture 

Consider a 3-level system as in Fig. 1, with two ground states |e) and \g) and an excited 
state \r) where the e — r and g — r transitions are optically allowed. The g — r transition 
couples to an optical cavity mode with Rabi vacuum frequency go and detuning A, and 
the cavity mode itself is coupled to a single-mode waveguide and has total decay rate k. 
The excited state |r) can decay by emitting a photon outside of the cavity with rate 7 
(not desired but nevertheless present). The system starts in level |e) and is exposed to a 
classical time-varying light beam which drives the e — r transition with detuning A (so 
that the e-to-r-to-g transition is on two-photon resonance) and complex Rabi frequency 
Q(t). We neglect coupling of the laser to the g — r transition and coupling of the cavity 
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to the e — r transition, good approximations only if we have either good polarization 
selection rules or an energy spacing between |e) and \g) that is much larger than A 
and k. In this calculation we include spontaneous decay only from state |r) to state 
| g), so that the system cannot be re-excited after emitting a photon. This allows for a 
large simplification of the dynamics, since only states with zero or one photon occur. 
Spontaneous decay back to the initial state |e) can, in fact, be an important decoherence 
process, and the effect on photon indistinguishability was analyzed in Ref. [25]. Here 
we are interested mainly in the effect that pure dephasing of the excited state has on 
the emitted photons, so we set the r — > e decay rate to zero. While there are practical 
limitations, the r — > e rate can be made small compared with the r — > g rate either 
by having unequal strengths for the two optical transitions or by using a large Purcell 
enhancement of the g — r transition. Below, we shall consider the r — > e decoherence 
process separately when discussing the application of this scheme to actual solid-state 
systems. 

2.1. Unperturbed Evolution of a Three- Lev el K System 

First let us consider a deterministic trajectory of the system without dephasing 
processes. A Hamiltonian describing the three-level system, cavity, and continuum 
modes outside of the cavity under the assumptions given above and under the rotating- 
wave approximation is, 

H = ^ Mi ™ + -^ e%Ult(J er + ye^^'V^ + UJ^C + g O gr C ] + gl<J rg C + 

i 

^2 (^fe«I«fe + h k ca\ + h* k c ] a^ + (uwb\,b v + gk'0- gr b\, + gl,a rg b k ^j , (1) 

k k' 

where = for i,j = {e, r, g}, and c, a k and by are photon annihilation operators 
for a single cavity mode, the continuum modes coupled to this cavity mode, and the 
continuum modes coupled to the g — r transition, respectively. The constants uji are the 
frequencies of the three levels, u c is the cavity resonance frequency, lo\ is the frequency 
of the excitation laser, and uj^i are the continuum mode frequencies, and hk and g^ 
are the coupling constants to the continuum modes. We work in a rotating frame by 
writing the state of the system (assuming we begin in state \g) so that only one photon 
can be emitted) as, 

\^{t)) = e(t)e-^ e *|e) +r(t)e- l( ^- A) '|r) + g(t)e' l ^ +UJc - Sc)t c j \g) + 

Y.M^^allg) +J2<'( t ) e ~ i( " 9+ " k ' ) %\9) > (2) 

k k' 

where e(t) and r(t) are the amplitudes of the system in states |e) or |r) with no photon 
in the cavity, and g(t) is the amplitude of the system in state \g) with one photon in 
the cavity. We have assumed that direct spontaneous emission from level r and photon 
escape from the cavity involve orthogonal sets of radiation modes, and a^it) and 
are the amplitudes for photon emission into these modes. The detuning constants for 



On the indistinguishability of Raman photons 



5 



the laser and cavity are A = uo r — co e — uoi and 5 C = uj c — uj r + ujg + A, respectively. In the 
calculation below we set 5 C = 0, though this parameter could be adjusted to compensate 
for a.c. Stark shifts if desired. By writing ■?/>(£)) = —iHo(t)\ip(t)) and applying the 
Weisskopf-Wigner approximation to remove the continuum modes from the dynamics, 
we find the unperturbed equations of motion, 

(3) 



m = 




r(t) = 




m = 


- igor(t) - 



) r(t) - i—e(t) - tg* g(t) , (4) 

(5) 

which are similar to those used in Refs. [19, 20]. These equations include decay rates k 
and 7 for the cavity and level r that can be related to the hk and coupling coefficients, 
respectively, combined with the corresponding densities of states for the continuum 
modes. Following the cavity input-output formalism, we can also define a temporal 
envelope a(t) of the photon emitted into the waveguide as the Fourier transform of 
a.k{t — > oo) with respect to ujk, including only the subset of modes that belong to the 
waveguide. This temporal envelope is simply a(t) = y/n wg g(t), where n wg < k is the 
cavity decay rate into the waveguide modes only. The coherence properties of a(t) are 
thus the same as those of g(t). The efficiency to emit a photon into the waveguide is 
rj = J dt\a(t)\ 2 . 

For the unperturbed dynamics we shall consider only the adiabatic limits g <^ Kg 
and f <^ Ar for which the unperturbed dynamics follow simple analytical solutions, 

ft 



e(t) = exp 



(6) 



r(t) = - ^e(t) , (7) 

g(t) = - ^fr{t) . (8) 

Here, we have defined A' = A — ij p /2 as the complex detuning and 7 P = 7 + 4|g | V K as 
the cavity-enhanced spontaneous emission rate from level r. This approximate solution 



holds if 7p }< |A|, ^ <«, S><7, and 



4A ^ ° c 



< K. 



2.2. Evolution and Indistinguishability in a Randomly Fluctuating Environment 

For the deterministic Eqs. 3-5, a(t) is always the same, and consecutive photons 
emitted by the system are perfectly indistinguishable. Now, we wish to describe the 
real system which is affected by random fluctuations in its environment. Various 
treatments have been developed to include decoherence effects in the context of quantum 
information, the most commonly used being the optical Bloch equations [26] and 
quantum jump approaches [27]. While a quantum jump approach may be preferable in 
terms of simplicity and physical insight, both approaches are typically used to describe 
interactions with a reservoir having infinitely short correlation timescales. In solid-state 
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systems, dephasing processes exist with a wide range of memory timescales spanning at 
least 10~ 15 — 10 3 s. To describe pure dephasing processes with finite memory timescales, 
we follow an alternative approach that uses randomly fluctuating energy shifts to 
represent these processes [28, 29, 30, 31]. The time- dependent energy shifts of the system 
levels are denoted by 5 e (t), S r (t) and S g (t), or S for short, with correlation properties to 
be defined below. If the unperturbed equations of motion are written as j^x = M (t)x, 
where x is a vector containing e, r, and g, and M (t) is a 3 x 3 matrix based on Eqs. 3-5, 
then the perturbed equations of motion are, 

= M„(f)f -idiag(£(t))f , (9) 
where the perturbed amplitudes. Changing variables, let us define, 

£i(t) = Xi(t) exp(-i0i(t)) , (10) 
where the 0's are arbitrary complex functions of time. We substitute this into Eq. 9 

— * 

(using Eqs. 3-5 for M (t)) and linearize to first order in assuming that the fluctuations 

, — * — » — * 

are small. The linearized equations can be written as j|0 — 5 = M(t)<f), where, 



M(t) 



I l 2 e 1 2 e U » 



(11) 



V -ig r - ig 0g - J 

For the noise-induced dephasing, here we shall consider only dephasing of the 
excited state, setting 5 g (t) = 5 e (t) = 0. Let us start with the simple case where k 
is large compared with g , A, and the fluctuation rate of the noise source. In this limit 
the cavity serves only to enhance the effective spontaneous emission rate from level 
r, and otherwise the cavity does not enter into the problem. Using \<f> g \ K\<f> g \ and 
substituting Eqs. 6-8 into Eq. 11 with 0(— oo) = we find, 

e (t) = -L f dt'immt), (12) 



4A' 2 . 

</>g(t)=Mt)=Mt) + ¥§, (13) 

8(t) =iA' f dt'e- iA '^5 r {t'). (14) 

J — oo 

The phase <f> g (t) that is imprinted directly onto the emitted photon has two parts. The 
first term <f> e (t) results from the accumulated phase error transferred to state |e) due to 
the fluctuating detuning combined with the a.c. Stark shift. This term is dominant if 
the noise source fluctuates slowly, in which case 5(t) 5 r (t). The second term represents 
a phase added directly to state |r) through its own energy fluctuation. 

The indistinguishability of two photons emitted by identical devices as measured 
in a Hong-Ou-Mandel-type experiment [3] is, 

|2 N 



\fdt ai (t)aZ(t)\' 

F = ^ — , (15) 

(/*(l«(*)l 2 » 
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where () denotes an expectation value over all possible functions S r (t), and a.\{t) and 
o.2{t) are the temporal envelopes of the two photons. It is assumed that each photon 
is generated through an independent but identical random process. From here on, let 
us consider the special case of a classical field that is turned on at t = and then 
held constant, Q(t) = Q6(t). In this case the unperturbed, approximate solution from 
Eqs. 6-8 is a photon envelope with an abrupt rise at t — followed by an exponential 
decay, a(t) oc e^/ 2-1 ^* - ^ 9 ^ where ( — and £ ^7 p . If the noise perturbation 
is small, to second order in (ft g the indistinguishability can be approximated as, 

POO pOO 

F^l + 2^ 2 ds dte^^Re ((f) g (s)(f)* g (t)) 
Jo Jo 

poo 

-2£ dte- & {4> g {t)4>*{t)) , (16) 
Jo 

where <f> g (t) may be complex. 



3. Finite-Memory Dephasing Processes 

Next, let us consider a specific noise process with zero mean and two-time correlation 
function, 

(6 r (t)5 r (t + T))=p(T)=a 2 e-^, (17) 

where a is the noise amplitude and (3 is the fluctuation rate (inverse correlation time). 
This correlation function was also used in Refs. [30, 31] and can describe, for example, 
fluctuation of nearby traps that jump between two charge states, a common source of 
spectral diffusion of the optical transitions in semiconductor quantum dots and nitrogen- 
vacancy centers in diamond. Suppose we have an ensemble of fluctuating traps that shift 
the energy (through the dc Stark effect, for example) of level r according to, 

E r (t) = J2 c nq n (t), (18) 

n 

where c n are constants that depend on geometry, and q n = {0, 1} are random variables 
corresponding to the charge of each trap. The q n fluctuate independently according to, 

Pi = ^2 r ijPj, ( 19 ) 

3 

where pi is the probability that q — i, and are the transition rates. From this we can 
define a zero- mean random process S r (t) = E r {t) — (E r ) with correlation function given 
by Eq. 17 where, 

a2 =J2 c 2 noW(r i + no) 2 , (20) 

n 

P =r i+r 10 . (21) 

The number of traps involved in the dynamics will affect higher-order correlation 
functions but will not change the form of the second-order correlations needed for 
the small-signal analysis presented here. In experiments, the fluctuation timescale 1/(5 
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can vary of a wide range. For diamond N-V centers probed occasionally by resonant 
excitation the timescale for spectral jumps can be many seconds but becomes much 
faster under non-resonant optical excitation at shorter wavelengths. Of course, other 
pure dephasing processes may involve correlation functions with different functional 
forms. For example, pure dephasing by phonons involves state-dependent scattering of 
an incident phonon to a new momentum state. The spectral density for this process is 
determined by the phonon density of states combined with Bose-Einstein occupation 
probabilities [32]. The effective fluctuation rate is ~ kT/h, but the form of the 
correlation function differs from that of Eq. 17, which corresponds to a Lorentzian 
power spectrum. To simplify our discussion, here we shall focus on the simple process 
described by Eq. 17. If a more accurate description is required, Eqs. 26-28 presented 
below can be used to estimate the photon indistinguishability for arbitrary correlation 
functions. Pure dephasing in the 5-correlated limit, as used in the standard master 
equation or quantum jump approaches, can be obtained from Eq. 17 by taking the limit 
[3 ^ oc with a 1 1 (3 = 1/T 2 held constant. 

The photon indistinguishability under the process described by Eq. 17 can be 
calculated using Eqs. 12-14 and 16 under the assumption that a is small so that 4> g 
is also small. In the limit |A| ^> {|f2|,7 P ,£}, an approximate solution is, 

2a 2 2a 2 lp + 2 (3 

7p(l+~f) + A 2 + /? 2 7 p 
The first and second terms in this expression correspond directly to (f) e (t) and 5/iA', 
respectively, in Eq. 13. The cross-correlation term was not included because, for large 
A, it is always small compared with at least one of the terms in Eq. 22. For (3 
small compared with the photon emission rate, the first term, corresponding to the 
accumulated phase error on state |e), is dominant. For large f3, the first term becomes 
small since the noise is mostly averaged out in the integral of Eq. 12 (in the frequency 
domain this acts as a low-pass filter). This leaves the second term, which passes a 
larger noise bandwidth, to make the dominant contribution. To test the accuracy of 
this approximate result we performed Monte-Carlo simulations in which the original 
Eqs. 3-5 are numerically integrated using a Gaussian-distributed noise source 5 r (t) with 
the required temporal correlations obtained from a pseudo-random number generator 
combined with a first-order finite-difference equation. The number of trials was set so 
that the random errors in 1 — F were usually less than 10% of the mean value. Figure 2 
shows calculated results in the k ^> A regime (see figure caption for parameter values), 
and the results are in good agreement with Eq. 22 away from A = 0. 

It is useful also to compare the photon indistinguishability predicted for the Raman 
scheme with that of an equivalent two-level system. For a two-level system that is 
rapidly initialized into its excited state, if we neglect time jitter associated with the 
excitation processes, in the limits g < k and a — > the photon indistinguishability in 
the small-noise limit is, 

2a 2 . . 
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Figure 2. (a) Deviation from perfect photon indistinguishability (1 — F) for the 
three-level system in the large-K regime with g — 50, k = 1000, 7 = 1, a = 1 and 
SI = 10 plotted on a logarithmic intensity scale as a function of detuning A and the 
normalized noise fluctuation rate (P/"f). The plot on the left was obtained by the 
Monte-Carlo method. The white region at lower-right was skipped due to excessively 
long computation times. The plot on the right was obtained from Eq.22. (b) Log- 
log plots of 1 — F vs. fi/"f for various values of A as indicated. The points (various 
symbols) are from the Monte-Carlo simulation, and the blue, solid curves are from 
Eq.22. The result for an instantaneously excited two-level system (Eq. 23) is also 
shown (red, dashed). 

This is plotted alongside the results from the three- level system in Fig. 2(b) (red-dashed 
curve). The results show that the Raman scheme can provide a substantial improvement 
over the two-level case only when the fluctuation rate (3 of the noise source falls within 
the window £ < (3 < A. When this condition is satisfied, an averaging effect occurs over 
the length of the photon which improves the indistinguishability. 
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4. Indistinguishability Enhancement Using Spectral Filtering 

The first and second terms in Eq. 22 can also be understood in terms of a spectral 
function describing the transfer of noise from S r (t) to the emitted photon. Let us define, 

1 r°° 

f(u + ir,/2) = -= dt e^-^Ut) , (24) 
V 2?r Jo 

which can be written in terms of S r (t) as, 

1 f°° 

f(u> + ir,/2) = -([M + (iu>-T,/2)I\- 1 ) sl -= / dte^-^%(t).(25) 

V 2tt Jo 

The energy spectral density (\f(u + i£/2)\ 2 ) of noise transferred to the emitted photon 
is then proportional to the product of a transfer function, 

H(u, V ) = | {[M + (iw - 77/2) J]- 1 )^! 2 , (26) 

and a weighted power spectral density of S r (t), 

J-oo uo 2 + {n/2 + f3) 2) 1 ; 

evaluated for rj = The photon indistinguishability in the small-0 9 limit given by 
Eq. 16 can be expressed in terms of these quantities as, 

F = l + tH(0, 2OS r (0, 20 -2 J ^H(uj, t)S r (u>, • (28) 

For the large-zt approximation made above, H(u,£) receives significant 
contributions from two poles at uo {— i£/2, A — i^y p /2}. The first pole corresponds 
to broadening of the Raman line itself, while the second corresponds to spontaneous 
emission at the natural frequency of the r — > g transition. For A ^> 7, we claim that 
this second contribution can be filtered out with little effect on the photon collection 
efficiency. We then expect only the first term in Eq. 22 to survive, giving, 

2a 2 

P-^— ^TTf)- < 29 > 

Thus, with spectral filtering, the only remaining requirement to improve the 
indistinguishability over the two-level case is (3 ^> £. 

To demonstrate that an external spectral filter can indeed improve the 
indistinguishability with little reduction in efficiency, Monte Carlo simulations of Eqs. 3- 
5 were performed with the same parameters as in Fig. 2 but with a spectral filter applied 
to the emitted photon. To keep the results experimentally relevant, only a simple 
Lorentzian filter was used, representing a Fabry-Perot cavity, centered on the Raman- 
scattering frequency with width fixed at 20£. The results are shown in Fig. 3(a), and 
indeed the degradation of photon indistinguishability matches Eq. 29. Furthermore, 
there is little cost in terms of photon generation efficiency per cycle. Even for the simple 
Lorentzian filter used in the simulation, the filtering loss was only 5%, and the theoretical 
photon collection efficiency decreased from 90% to 85%. In theory, if the ground states 
are completely free from dephasing processes then the photon indistinguishability can 
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Figure 3. Effect of two spectral filtering methods on photon indistinguishability: 

(a) An external spectral filter is centered on the Raman scattering wavelength to 
reject spontaneous emission at the natural transition frequency. Parameters: g = 50, 
k = 1000, 7 = 1, a = 1 and SI = 10. A simple Lorentzian filter was used with FWHM 
linewidth set to 20£ (see text). The points (various symbols) are from Monte Carlo 
simulations, and the solid blue curves use only the first term of Eq. 22. The result 
for an instantaneously excited two-level system (Eq. 23) is also shown (red, dashed). 

(b) The cavity itself serves as the external filter. Parameters: g = 5, K = 10, 7 = 1, 
(j = 1 and £1 = 10. The points are from Monte Carlo simulations, and the solid blue 
curves use Eq. 31. For the equivalent two- level system (filled red circles) a Monte Carlo 
simulation was used since Eq. 23 is not accurate for g ~ n. 

be improved to an arbitrary degree by decreasing the photon emission rate £, once 
£ < (3. The main penalty is the decrease of £ itself, since this is the photon emission 
rate. Decreasing £ will eventually reduce the communication or computation speed in 
any quantum network application. 

The cavity can also serve as a spectral filter. Until now, our calculations have been 
performed in a regime k ^> A where the cavity served only to increase the effective 
spontaneous emission rate. If instead we have k< A, the cavity can reject spontaneous 
emission noise at the natural transition frequency without the need for an external 
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filter. In the case of finite k the spectral transfer function H(u,£) has three poles 
that contribute. Combining Eq. 8-11 with Eq. 26 in the limits £ <C {7?7p} ^ A with 
constant f2, we find the approximate expression, 

2 



if(u,77) 



£ i/c in 



,(30) 



7 P (icj-r]/2) (2A + -iA-7eff/2) (2A + in){iuj - k/2) 

where 7 e g = (k 2 7 p + 4A 2 7) / (k 2 + 4A 2 ) is the modified spontaneous emission rate 
from level r including the cavity detuning. Neglecting the cross-terms in Eq. 30, the 
indistinguishability calculated using Eq. 28 becomes, 

! F ~ 2 ° 2 | 2ff2 -Tce + 2/? " 2 | ^ f3n 



7, 



1 + A 2 + f3 2 7cfr /t 2 + 4A 2 (/t 2 + 4A 2 )(/t + 2 / 3) 



Comparing this with Eq. 22, we see that the second term which corresponds to 
spontaneous emission noise at oo = A is now suppressed by a factor k 2 /(k 2 + 4A 2 ) 
due to the cavity filtering. The new, third term corresponds physically to resonant 
enhancement of noise by the cavity, and even for large A it can make a significant 
contribution. To test the validity of Eq. 31, Monte Carlo simulations of Eqs. 3-5 were 
performed for cases with k < A, and the results are shown in Fig. 3(b) (see figure caption 
for parameters). The results show that the cavity can indeed serve as an effective filter, 
and for (3 ^> £, photon indistinguishability far exceeding that of an equivalent two-level 
system is again obtained. 

5. Other Decoherence Mechanisms 

To estimate the total indistinguishability degradation in the Raman scheme we must 
include two other decoherence mechanisms in addition to pure dephasing of the excited- 
state. The first is ground-state dephasing, against which the Raman scheme provides no 
protection. The photon indistinguishability degradation due to ground-state dephasing 
is similar to that in a two-level system, 

'-^WWY (32) 

where a' and f3' are the ground-state fluctuation amplitude and rate, respectively, under 
the noise model of Eq. 17. In contrast with Eq. 31, the contribution from ground- 
state dephasing increases as the photon emission rate £ is decreased. In this model 
the effective decay rate 1/T 2 * of the ground-state coherence is a' 2 / f3' for large times 
(t 3> 1//3), but for short times the coherence decay follows a Gaussian function with 
characteristic timescale ~ l/a' . 

The second additional decoherence mechanism is spontaneous decay from \r) back 
to |e). As discussed in Ref. [25], this can be viewed as a time-jitter process, with the last 
r — > e photon marking a random delay before the start of the emitted r — > g photon. 
The indistinguishability degradation resulting from this process is, 
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where £ e ~ |^7e is the decay rate back to |e) (j e is the natural r — > e spontaneous decay 
rate), and £ is the rate for the forward process as defined above. In principle, for a three- 
level system £ e can be made negligibly small by choosing system parameters such that the 
e — r transition is very weak, and then compensating with a stronger excitation field. In 
actual systems, the achievable improvement will be limited by additional excited states 
which, although they may be further detuned, will make a substantial contribution to 
the system dynamics when the excitation field is too strong. The other way to improve 
the £ e /£ ratio is through selective cavity enhancement of the g — r transition. This 
requires either a cavity linewidth that is narrow compared with the e — g energy spacing 
or else good polarization selection rules. 

6. Solid-State Sources of Indistinguishable Photons 

Let us now discuss how the above results may apply to actual solid-state atom-like 
systems that have two or more ground-state spin sublevels connected by strong optical 
transitions to a common excited state. Various types of optical control have been 
demonstrated in semiconductor quantum dots [33, 34, 35, 36, 37, 38, 39, 24], shallow 
donors [40], and diamond NV centers [41, 42, 43]. The benefit provided by a large 
detuning will first of all depend on the fluctuation rate of the noise source affecting the 
excited state. For spectral-diffusion processes with long correlation timescales we expect 
little improvement compared with a two-level scheme for useful photon emission rates, 
but a large improvement may be possible for noise processes that have sub-nanosecond 
correlation timescales. 

First, let us consider a charged quantum dot subject to a strong magnetic field 
that is not aligned to the growth axis, so that two long-lived electron spin ground states 
are coupled to an excited (trion) state by optical transitions. Suppose this quantum 
dot is placed in a state-of-the-art photonic-crystal microcavity [44] with cavity-QED 
parameters g = 2n x 8 GHz and k = 2n x 33 GHz. Because spontaneous emission 
into leaky modes in 2D photonic crystals is suppressed by a factor of 2 — 5 [45, 46] 
we set 7 = (0.5 ns) -1 . Suppose now that the excited state is subject to a phonon 
dephasing process which we shall approximate using the above dephasing model with 
1/T 2t ex = °~ 2 IP = 27r x 0.16 GHz, with fluctuation rate (3 = 2n x 80 GHz (corresponding 
to kT at T = 4K). If the system is excited on resonance with a short pulse, the best- 
case indistinguishability degradation due to excited-state dephasing IS 1 — F ~ 0.04 
with a photon temporal width (FWHM) of ~ 35 ps (the decay is non-exponential 
since the system is near the onset of strong coupling). For non-resonant excitation, 
possibly the only option with photonic crystal cavities due to pump laser scatter, the 
indistinguishability will be much worse due to the time jitter associated with the finite 
relaxation time to the upper level of the optical transition. Suppose now that we instead 
use a Raman scheme with Q = 2n x 16 GHz and A = 2ir x 40 GHz, and send the collected 
light through a Fabry-Perot cavity with a transmission bandwidth of 2ir x 4GHz. The 
simulated filter efficiency is 88%, and the total photon collection efficiency is 87%. The 
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theoretical indistinguishability degradation in the Raman scheme, considering excited- 
state dephasing alone, is 1 — F m 0.002 while the lifetime for the Raman transition is 
0.5 ns, still quite fast for many applications. 

To predict the total degradation we must also consider the processes in Eqs. 32,33. 
In negatively charged InAs quantum dots 1/T% is limited to < 10 ns due to hyperfme 
coupling between the electronic and nuclear spins. However, a recent experiment with 
positively charged quantum dots [39] suggests that T 2 values of hundreds of nanoseconds 
or more may be achievable. If we take T 2 to be 500 ns, for f3' 3> £ one could hope for 
1 — F' — 2/(£T 2 ) = 0.002, which approximately matches the degradation predicted 
above for excited-state dephasing. If (3' <C £ the situation is better since the dephasing 
will follow a Gaussian time dependence, and in the first 0.5 ns may be negligible (this 
is reflected in the £ -2 dependence in Eq. 32 for j3' — > 0). The main limiting factor is 
likely to be spontaneous emission back to |e). If we have a perfectly balanced A system, 

the degradation is given approximately by the inverse Purcell factor giving 
1 — F" ~ 0.01. It is tempting to try to reduce 7 e by moving to an imbalanced A system 
using a magnetic field that is nearly aligned to the growth axis, or by using a very large 
magnetic field. However there are in fact two excited (trion) states, and if 7 e decreases 
for one of them, it will increase for the other. Furthermore, at practical magnetic field 
strengths the energy separation between the two trion states cannot be made much larger 
than the value of A used in this example. Thus, 1 — F total ~ 0.01 is probably close to the 
best possible performance. Nevertheless, we note several improvements in the Raman 
scheme compared with the two-level scheme. First, the overall indistinguishability is 
substantially improved, especially if we consider realistic excitation schemes in the two- 
level case. Additionally, the Raman scheme can tolerate much more high-frequency 
excited-state dephasing than was included here. Finally, the Raman scheme includes 
a long-lived matter qubit coupled to a single-photon emitter as needed for quantum 
networking applications. In this example we assumed that the ground-state splitting 
could be made large compared with the cavity linewidth k. If this cannot be achieved 
in a photonic-crystal cavity using practical magnetic field strengths, then it may be 
advantageous instead to use microdisk cavities, which tend to have higher quality factors, 
can also reach a strong coupling regime, and can be coupled efficiently to a tapered 
optical fiber [47]. 

Next, let us briefly discuss the case of diamond NV centers. This system 
seems attractive for quantum computation since in isotopically purified diamond the 
spin coherence lifetime (as measured in a spin-echo experiment) can reach several 
milliseconds, and T 2 (without spin echo) can be several microseconds or longer [48]. 
A A-type system can be obtained either by using a magnetic field to mix two 
of the ground states [41] or by using strain or an electric field to mix some of 
the excited states [42, 43, 49]. Furthermore, at low temperatures, lifetime-limited 
spectral linewidths of 13 MHz have been observed in high-purity samples using laser 
spectroscopy [11]. However, while much recent progress has been made towards 
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the realization of high-Q, small- mode- volume cavities in diamond [50, 51], it seems 
unrealistic to expect extremely large factors for total spontaneous emission lifetime 
modification as have been realized in quantum dots. Apart from technological issues, 
the main difficulty in this system is that only ~ 4% of the spontaneous emission is 
into the zero-phonon line, and only this emission can be efficiently coupled to a frigh- 
ts cavity. This amounts to a factor of 25 penalty in converting the Purcell factor 
into total spontaneous emission lifetime modification. Thus, the best approach to 
obtain a photon indistinguishability above 0.9 in a Raman scheme is probably to use 
an imbalanced A system to suppress the r — > e process. Since the excited-state level 
splittings near an anticrossing are only ~ 200 MHz [49], there is not much room for large 
detunings. Furthermore, the most problematic excited-state dephasing process in this 
system seems to be a slow spectral diffusion process related to charge trap fluctuations 
as was mentioned above. For these reasons, and because the spontaneous emission 
lifetime (12 ns) is already rather long, the best performance can probably be obtained 
by operating the system on resonance. 

7. Conclusion 

In summary, we have shown that if photon indistinguishability is limited by excited- 
state dephasing, it can in some cases be drastically improved using a three-level Raman 
scheme with a large detuning. The dependence of the photon indistinguishability 
on the noise fluctuation rate was examined, and it was shown that a large detuning 
provides an improvement when the noise fluctuation rate is fast compared with the 
photon emission rate. To realize this benefit it is usually necessary to use an internal or 
external spectral filter to remove a weak spontaneous emission component at the natural 
transition frequency. We have also considered the practical application of this scheme to 
solid-state systems such as semiconductor quantum dots and diamond nitrogen- vacancy 
centers. Due to additional mechanisms which degrade the photon indistinguishability, 
a large detuning appears most helpful in the quantum-dot case where large Purcell 
enhancements can be achieved. With this approach, we are optimistic that solid- 
state single-photon sources can be improved to a level where they will be truly useful 
for quantum network applications such as creating distributed entanglement between 
matter qubits. 

This material is based upon work supported by the Defense Advanced Research 
Projects Agency under Award No. HR0011-09- 1-0006 and The Regents of the University 
of California. 

[1] E. Knill, R. Laflammc, and G. J. Millburn. A scheme for efficient quantum computation with 

linear optics. Nature (London), 409(6816):46-52, January 2001. 
[2] L. Childress, J. M. Taylor, A. S. Sorensen, and M. D. Lukin. Fault-tolerant quantum repeaters 

with minimal physical resources and implementations based on single-photon emitters. Phys. 

Rev. A, 72:52330, 2005. 



On the indistinguishability of Raman photons 



16 



[3] C.K. Hong, Z.Y. Ou, and L. Mandel. Measurement of subpicosecond time intervals between two 

photons by interference. Phys. Rev. Lett., 59(18):2044-2046, 1987. 
[4] J. Beugnon, M.P.A. Jones, J. Dingjan, B. Darquie, G. Messin, A. Browaeys, and P. Grangier. 

Quantum interference between two single photons emitted by independently trapped atoms. 

Nature (London), 440:779-782, 2006. 
[5] P. Maunz, D.L. Mochring, S. Olmschenk, K.C. Younge, D.N. Matsukevich, and C. Monroe. 

Quantum interference of photon pairs from two remote trapped atomic ions. Nature Physics, 

3(8):538-541, 2007. 

[6] C. Santori, D. Fattal, J. Vuckovic, G.S. Solomon, and Y. Yamamoto. Indistinguishable photons 
from a single-photon device. Nature (London), 419:594-597, 2002. 

[7] S. Laurent, S. Varoutsis, L. Le Gratiet, A. Lemaitre, I. Sagnes, F. Raineri, A. Levenson, I. Robert- 
Philip, and I. Abram. Indistinguishable single photons from a single-quantum dot in a two- 
dimensional photonic crystal cavity. Appl. Phys. Lett., 87:163107, 2005. 

[8] A. Bennett, D. Unitt, A. Shields, P. Atkinson, and D. Ritchie. Influence of cxciton dynamics 
on the interference of two photons from a microcavity single-photon source. Optics Express, 
13(20):7772-7778, 2005. 

[9] A. Kiraz, M. Ehrl, T. Hellcrcr, O.E. Mustecaplioglu, C. Brauchle, and A. Zumbusch. 

Indistinguishable photons from a single molecule. Phys. Rev. Lett., 94:223602, 2005. 
[10] K. Sanaka, A. Pawlis, T. D. Ladd, K. Lischka, and Y. Yamamoto. Indistinguishable photons from 

independent semiconductor nanostructures. Phys. Rev. Lett., 103(5):053601, 2009. 
[11] P. Tamarat, T. Gaebel, JR Rabeau, M. Khan, AD Greentree, H. Wilson, LCL Hollenberg, 

S. Prawer, P. Hemmer, F. Jelezko, et al. Stark shift control of single optical centers in diamond. 

Phys. Rev. Lett, 97(8):83002, 2006. 
[12] L. Besombes, K. Kheng, L. Marsal, and H. Mariette. Acoustic phonon broadening mechanism in 

single quantum dot emission. Phys. Rev. B, 63(15):155307-155307, 2001. 
[13] J. Seufcrt, R. Wcigand, G. Bacher, T. Kummell, A. Forchel, K. Lconardi, and D. Hommel. Spectral 

diffusion of the exciton transition in a single self-organized quantum dot. Appl. Phys. Lett., 

76:1872, 2000. 

[14] W.P. Ambrose and W.E. Moerner. Fluorescence spectroscopy and spectral diffusion of single 

impurity molecules in a crystal. Nature (London), 349(6306):225-227, 1991. 
[15] A. Muller, E.B. Flagg, P. Bianucci, XY. Wang, D.G. Deppe, W. Ma, J. Zhang, G.J. Salamo, 

M. Xiao, and C.K. Shih. Resonance fluorescence from a coherently driven semiconductor 

quantum dot in a cavity. Phys. Rev. Lett., 99(18):187402, 2007. 
[16] J.I. Cirac, P. Zoller, H.J. Kimble, and H. Mabuchi. Quantum state transfer and entanglement 

distribution among distant nodes in a quantum network. Phys. Rev. Lett., 78:3221-3224, 1997. 
[17] C. Cabrillo, J.I. Cirac, P. Garcia- Fernandez, and P. Zoller. Creation of entangled states of distant 

atoms by interference. Phys. Rev. A, 59(2):1025-1033, 1999. 
[18] S. Bose, PL Knight, MB Plcnio, and V. Vedral. Proposal for teleportation of an atomic state via 

cavity decay. Phys. Rev. Lett, 83(24):5158-5161, 1999. 
[19] W. Yao, R.-B. Liu, and L.J. Sham. Theory of control of the spin-photon interface for quantum 

networks. Phys. Rev. Lett, 92:30504, 2005. 
[20] D. Fattal, R. Beausoleil, and Y. Yamamoto. Coherent single-photon generation and trapping with 

imperfect cavity QED systems. Arxiv preprint quant-ph/0606204, 2006. 
[21] E. Cancellicri, F. Troiani, and G. Goldoni. Optimal generation of indistinguishable photons from 

non-identical artificial molecules. Optics Express, 17(19):17156-17163, 2009. 
[22] A. Kuhn, M. Hennrich, and G. Rempe. Deterministic single-photon source for distributed quantum 

networking. Phys. Rev. Lett, 89:67901, 2002. 
[23] M. Keller, B. Lange, K. Hayasaka, W. Lange, and H. Walther. Continuous generation of single 

photons with controlled waveform in an ion-trap cavity system. Nature (London), 431:1075- 

1078, 2004. 

[24] G. Fernandez, T. Volz, R. Desbuquois, A. Badolato, and A. Imamoglu. Optically Tunable 



On the indistinguishability of Raman photons 



17 



Spontaneous Raman Fluorescence from a Single Self-Assembled InGaAs Quantum Dot. Phys. 

Rev. Lett, 103(8):087406, 2009. 
[25] A. Kiraz, M. Atature, and A. Imamoglu. Quantum-dot single-photon sources: Prospects for 

applications in linear optics quantum-information processing. Phys. Rev. A, 69:032305, 2004. 
[26] C. Cohen- Tannoudji, J. Dupont-Roc, and G. Grynberg. Atom-Photon Interactions; Basic 

Processes and Applications. Wiley, New York, 1992. 
[27] M.B. Plenio and P.L. Knight. The quantum-jump approach to dissipative dynamics in quantum 

optics. Rev. Mod. Phys., 70(1):101-144, 1998. 
[28] P.W. Anderson. A mathematical model for the narrowing of spectral lines by exchange or motion. 

J. Phys. Soc. Japan, 9:316-339, 1954. 
[29] R. Kubo. Note on the stochastic theory of resonance absorption. Journal of the Physical Society 

of Japan, 9:935, 1954. 

[30] S. Daffer, K. Wodkiewicz, J.D. Cresser, and J.K. Mclver. Depolarizing channel as a completely 

positive map with memory. Physical Review A, 70(1):10304, 2004. 
[31] M. Ban, S. Kitajima, and F. Shibata. Decoherence of quantum information of qubits by stochastic 

dephasing. Physics Letters A, 349(6):415-421, 2006. 
[32] K. Roszak, A. Grodecka, P. Machnikowski, and T. Kuhn. Phonon-induced decoherence for a 

quantum-dot spin qubit operated by Raman passage. Physical Review B, 71(19):195333, 2005. 
[33] M.V.G. Dutt, J. Cheng, B. Li, X. Xu, X. Li, PR Bcrman, DG Steel, AS Bracker, D. Gammon, 

S.E. Economou, et al. Stimulated and spontaneous optical generation of electron spin coherence 

in charged GaAs quantum dots. Phys. Rev. Lett., 94(22):227403, 2005. 
[34] X. Xu, Y. Wu, B. Sun, Q. Huang, J. Cheng, DG Steel, AS Bracker, D. Gammon, C. Emary, and 

LJ Sham. Fast spin state initialization in a singly charged InAs-GaAs quantum dot by optical 

cooling. Phys. Rev. Lett, 99(9):97401, 2007. 
[35] X. Xu, B. Sun, P.R. Berman, D.G. Steel, A.S. Bracker, D. Gammon, and LJ Sham. Coherent 

population trapping of an electron spin in a single negatively charged quantum dot. Nature 

Physics, 4(9):692-695, 2008. 
[36] D. Press, T.D. Ladd, B. Zhang, and Y. Yamamoto. Complete quantum control of a single quantum 

dot spin using ultrafast optical pulses. Nature, 456(7219):218-221, 2008. 
[37] D. Kim, S.E. Economou, §.C. Badescu, M. Schcibncr, A.S. Bracker, M. Bashkansky, T.L. Rcinecke, 

and D. Gammon. Optical spin initialization and nondestructive measurement in a quantum dot 

molecule. Phys. Rev. Lett., 101(23):236804, 2008. 
[38] A.N. Vamivakas, Y. Zhao, CY. Lu, and M. Atature. Spin-resolved quantum-dot resonance 

fluorescence. Nature Physics, 5(3):198-202, 2009. 
[39] D. Brunncr, B.D. Gcrardot, PA. Dalgarno, G. Wust, K. Karrai, N.G. Stoltz, P.M. Petroff, and 

R.J. Warburton. A Coherent Single-Hole Spin in a Semiconductor. Science, 325(5936) :70, 2009. 
[40] K.M.C. Fu, S.M. Clark, C. Santori, C.R. Stanley M.C. Holland, and Y. Yamamoto. Ultrafast 

control of donor-bound electron spins with single detuned optical pulses. Nature Physics, 

4(10):780-784, 2008. 

[41] P.R. Hcmmcr, A.V. Turukhin, M.S. Shahriar, and J. A. Musser. Raman-excited spin coherences 
in nitrogen-vacancy color centers in diamond. Opt. Lett., 26(6):361-363, 2001. 

[42] C. Santori, D. Fattal, S.M. Spillane, M. Fiorcntino, R.G. Beausoleil, A.D. Greentree, P. Olivero, 
M. Draganski, J.R. Rabeau, P. Reichart, B.C. Gibson, S. Rubanov, D.N. Jamieson, and 
S. Prawer. Coherent population trapping in diamond nv centers at zero magnetic field. Optics 
Express, 14(17) :7986-7993, 2006. 

[43] C. Santori, P. Tamarat, P. Neumann, J. Wrachtrup, D. Fattal, R.G. Beausoleil, J. Rabeau, 
P. Olivero, A.D. Greentree, S. Prawer, et al. Coherent population trapping of single spins 
in diamond under optical excitation. Phys. Rev. Lett, 97(24):247401, 2006. 

[44] D. Englund, A. Faraon, I. Fushman, N. Stoltz, P. Petroff, and J. Vuckovic. Controlling cavity 
reflectivity with a single quantum dot. Nature (London), 450(7171):857-861, 2007. 

[45] D. Englund, D. Fattal, E. Waks, G. Solomon, B. Zhang, T. Nakaoka, Y. Arakawa, Y. Yamamoto, 



On the indistinguishability of Raman photons 



18 



and J. Vuckovic. Controlling the spontaneous emission rate of single quantum dots in a two- 
dimensional photonic crystal. Phys. Rev. Lett., 95(1):13904, 2005. 
[46] A. Kress, F. Hofbauer, N. Reinelt, M. Kaniber, HJ Krenner, R. Meyer, G. Bohm, and JJ Finley. 

Manipulation of the spontaneous emission dynamics of quantum dots in two-dimensional 

photonic crystals. Phys. Rev. B, 71(24):241304, 2005. 
[47] K. Srinivasan and O. Painter. Linear and nonlinear optical spectroscopy of a strongly coupled 

microdisk-quantum dot system. Nature, 450(7171):862-865, 2007. 
[48] G. Balasubramanian, P. Neumann, D. Twitchen, M. Markham, R. Kolesov, N. Mizuochi, J. Isoya, 

J. Achard, J. Beck, J. Tisslcr, V. Jacques, P. R. Hemmer, F. Jelczko, and J. Wrachtrup. 

Ultralong spin coherence time in isotopically engineered diamond. Nature Materials, 8:383- 

387, 2009. 

[49] P. Tamarat, N. Manson, J. Harrison, R. McMurtrie, A. Nizovtsev, C. Santori, R. Beausoleil, 
P. Neumann, T. Gaebel, F. Jelezko, et al. Spin-flip and spin-conserving optical transitions of 
the nitrogen-vacancy centre in diamond. New J. Phys, 10:045004, 2008. 

[50] M. Larsson, KN Dinyari, and H. Wang. Composite Optical Microcavity of Diamond Nanopillar 
and Silica Microsphere. Nano Lett., 2009. 

[51] P.E. Barclay, K.M.C. Fu, C. Santori, and R.G. Beausoleil. Chip-based microcavities coupled to 
nitrogen-vacancy centers in single crystal diamond. Appl. Phys. Lett., 95:191115, 2009. 



